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The computer program Variational Asymptotic Beam Section Analysis (VABS) uses the variational asymptotic
method to split a three-dimensional nonlinear elasticity problem into a two-dimensional linear cross-sectional
analysis and a one-dimensional, nonlinear beam problem. This is accomplished by taking advantage of certain
small parameters inherent to beam-like structures. VABS is able to calculate the one-dimensional cross-sectional
stiffness constants, with transverse shear and Vlasov refinements, for initially twisted and curved beams with
arbitrary geometry and material properties. Several validation cases are presented. First, an elliptic bar is modeled
with transverse shear refinement using the variationalasymptotic method, and the solution is shown to be identical
to that obtained from the theory of elasticity. The shear center locations calculated by VABS for various cross
sections agree well with those obtained from common engineering analyses. Comparisons with other composite
beam theories prove that it is unnecessary to introduce ad hoc kinematic assumptions to build an accurate beam
model. For numerical validation values of the one-dimensional variables are extracted from an ABAQUS model
and compared with results from a one-dimensional beam analysis using cross-sectional constants from VABS.
Furthermore, point-wise three-dimensional stress and strain fields are recovered using VABS, and the correlation
with the three-dimensional results from ABAQUS is excellent. Finally, classical theory is shown to be insufficient
for general-purpose beam modeling. Appropriate refined theories are recommended for some classes of problems.

Introduction

N thepast20 yearscompositematerialshave foundincreasingap-

plications in aerospace engineering. Many aircraft components,
such as rotor blades and high-aspect-ratio wings, can be modeled
as one-dimensional beam problems, thus leading to much simpler
governing equations and easy interpretation of the results. To take
advantage of this geometric feature without loss of accuracy, one
has to capture the behavior associated with the eliminated two di-
mensions (the cross-sectionalcoordinates). Especially in composite
beams, there can be elastic couplings among all forms of global de-
formation and among both in- and out-of-plane components of the
cross-sectional warping displacement. This generally results in a
fully populated matrix of cross-sectionalstiffness properties.

The ability to analyze and design composite beam structures ac-
curately lags well behind the ability to manufacture them. The only
accurate and reliable analysis tools currently availably to industry
are costly, labor-intensive,three-dimensionalfinite elementanalyses
(FEA). Althoughless costly beam modeling tools are available, they
usually cannotcorrectly model beams with arbitrary cross-sectional
materials and geometries. For example, conventionalbeam analyses
often fail to accurately calculate the uncoupled torsional stiffnesses,
and they cannot predict important elastic couplings in composite
structures that can be exploited by designers to improve aeroelastic
behavior. However, one method for which preliminary results have
shown to be quite accurate is the Variational Asymptotic Beam Sec-
tion Analysis (VABS), originally developed by Cesnik and Hodges'
and Yu et al.> VABS holds great promise for meeting industry’s
requirements for an efficient, reliable analysis tool for composite
beams. This paper presents results from studies that seek to validate
VABS. These studies are essential in demonstrating that VABS in-
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deed has accuracy and analysis flexibility comparable to those of
the more costly, general-purposethree-dimensional FEA tools such
as ABAQUS.

The variational asymptotic method (VAM)? is the mathemati-
cal basis of VABS and is used to split a general three-dimensional
nonlinear elasticity problem for a beamlike structure into a two-
dimensional linear cross-sectional analysis and a one-dimensional
nonlinear beam analysis. This method exhibits the merits of both
variational (systematic) and asymptotic (without ad hoc kinematic
assumptions) methods. It allows one to replace a three-dimensional
structural model with a reduced-ordermodel in terms of an asymp-
totic series of certain small parametersinherent to the structure. For
the present problem these parameters include the maximum strain
in the beam, the ratio of the characteristic diameter of the cross
section to the wavelength of the axial deformation (%/¢), and the
ratio of the characteristic diameter of the cross section to the mag-
nitude of the radius of initial curvaturetwist (#/R). VAM applies
the asymptotic expansion to the energy functional instead of the
system of differential equations* Hence, dropping a small term in
the functional is equivalent to neglecting such quantities in several
differential equations simultaneously. This implies that, when ap-
plicable, VAM is more compact and less cumbersome than standard
asymptotic methods.

VABS was first mentioned in Ref. 5. Its development over the
past 10 years is described in Refs. 2 and 6-10. VABS can perform a
classicalanalysisfor beams with initial twistand curvature with arbi-
trary referencecross sections. VABS is also capable of capturing the
trapeze and Vlasov effects, which are useful for specific beam appli-
cations. VABS isnow able to calculate the one-dimensionalstiffness
matrix with transverse shear refinement for any initially twisted and
curved, inhomogeneous, anisotropic beam with arbitrary geome-
try and material properties. Finally, VABS can recover the three-
dimensional stress and strain fields, if required, such as finding
stress concentrations, interlaminar stresses, etc. VABS is a two-
dimensional FEA with a typicalelement library (triangularelements
with 3-6 nodes and quadrilateral elements with 4-9 nodes). It is
fully modularized and can be easily integrated into any CAD/CAM
software. VABS input is highly compatible with formats used in
commercial FEA packages, so that any two-dimensional meshed
model of a cross section constructedin PATRAN or ANSY'S can be
converted into an input for VABS with very little extra effort.

Analytical Modeling of an Elliptic Bar via VAM

Because the purpose of this paper is to present results from the
validationof VABS, we will notpresentthe details of the formulation
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Fig.1 Sketch of a clamped prism.

here. Details for the most general and up-to-date version of the for-
mulation can be found in Ref. 2. To proceed with the validation, we
first undertake the modeling of an elliptic prism analytically using
VAM and then compare it with the exactelasticity solution. This ex-
ercise will give some insight into the VABS theoretical foundation
and serve as a benchmark test for numerical validation. Here and
throughoutthe paper Greek indices assume values 2 and 3, and Latin
indicesassume 1, 2, and 3. Repeated indices are summed over their
range except where explicitly indicated. From the general formulas
in Ref. 2, one can write the linear three-dimensionalstrain field I';;
for a prism (Fig. 1) as

!
Lt =y + X360 — Xak3 + w), o = ws»

!
33 = w33, 20 = wyp — X3k + w;

23 = w3+ XK + wé, 2T = w3, + wo3 (1)
where w; are the warping components; y,, k;, and k, are one-
dimensional generalized strains, which consist of the beam exten-
sion, torsion, and bending curvatures, respectively; ()’ denotes a
partial derivative with respect to the beam axial coordinate x;; and
().« denotes a partial derivative with respect to x,, the local Carte-
sian coordinates of the undeformed beam cross-sectional plane.

For an isotropic elastic body with Young’s modulus E, shear
modulus G and Poisson’s ratio v, twice the three-dimensionalstrain
energy per unit length can be written as'!

I
(1+v)(1 —2v)

UF11 + Fzz ’ 1—v v UF11 + Fzz (2)
UF11 + F33 Vv 1—v UF11 + F33

where the notation
()= / - dx; dx;
s

is used throughoutthis paper, with S being the cross-sectionalplane.

The displacement field is four times redundantas a result of the
introduction of the warping displacement. To eliminate this redun-
dancy, four appropriateconstraints have to be imposed on the warp-
ing field. The most convenient way to introduce such constraints is
toeliminatefrom the warping any contributionto the rigid-bodymo-
tionof a cross section thatis caused by the classical one-dimensional
deformation measures (that is, the stretching, torsion, and bending
in two directions). This is accomplished in the VABS formulation
by choosing

2Us = E(I'}) +4G(I%, + T3 +T3)

(w;) =0 (3)
{(raws — x3w5) =0 “4)

Such a choice of constraints implies that the one-dimensional vari-
ablesassociatedwith these deformationsdonothave to beredefined.
Next, the functional Eq. (2) is minimized, subject to the constraints
in Egs. (3) and (4).

The response of an elastic body under a given set of loads is
completely determined by its strain energy. Hence, to derive an ac-
curate beam theory one has to construct a one-dimensional model
thatcomes as close as possibleto reproducing the three-dimensional
strain energy. This dimensional reduction cannot be done exactly.

VAM is used to find a one-dimensional energy that would approxi-
mate the three-dimensionalenergy as closely as possible taking ad-
vantage of the small parameters. We assume ¢ = max(|yyl, hl«|),
and usually it is true that ¢ < h /¢ and ¢ < h/R. Because i /¢ and
h /R both involve h, we can regard & as the small parameter and
expand all unknown functions in asymptotic series of / as

w; = w” +hw” +OHh?) )

Considering only terms of order O(g?) in the strain energy, one
can write the dominantterms of the energy expression,includingthe
unknownwarping functions w[(o), as 2U,. The variationalasymptotic
procedure requires one to find the warping functions that minimize
this expression. For an elliptic cross section with semi-axes a and b
in the directions of x, and x; respectively, it can be shown that the
following warping functions uniquely satisfy all of the constraints
and minimize 2U,:

2 2
0 _ (b — a®)xy x5,
w,” = —a2 e (6)

VK
w = ?3(1;2 —a® +4x2 —4x2) — v (pn +x5k0)  (7)

VK.
wéU) = ?z(bz — le +4X§ - 4)632) + UX3(X2K3 - }/11) (8)

The resulting value of 2U, is the first approximation of the strain
energy and coincides with the result of the classical beam theory:
ra*b*G b4 i
2U(J = ﬂabE}/lzl + az_—}—bz’(lz + Zﬂlb3EK22 + Za3bEK32

= EAy[, + GJk{ + ELyi; + Eli3 ©)

Theresultingresultis obtained withoutany ad hoc assumptionssuch
as “the cross section is rigid in its own plane” or “v =10

To obtain a more refined theory, one can repeat the same pro-
cedure in order to find the dominant terms of the strain energy up
to any desired order. For a prismatic beam it is easy to prove that
the correction to the strain energy of order % is zero. Denoting the
dominant terms of the energy in the order of 4% as 2U,, we find that
they contain the derivatives of the unknown functions with respect
to the axial coordinate x;. Integration by parts with respect to x,
of 2U; does not affect the final result, but it does allow the strain
energy to be expressed in terms of the unknown functions instead
of their derivatives. Carrying out a minimization procedure, which
is similar to the one conducted to obtain the “classical” theory, one
obtains the warping field that satisfies all of the constraints and min-
imizes the second-order strain energy. The warpings wél) and wél)
are identically zero, whereas wfl) is a complicated third-order poly-
nomial, not given here for the sake of brevity. The minimized value
of 2U, is

U, (Bp*+ pH[v? + 2021 4 v)* +50* (1 4+ v)* ]k
EAa* 123 + p2)(1 + 3p2)(1 +v)

(1+3p)[p*? + 207 (1 + )2 4+ 5(1 4 v)* <2
123 + p2)(1 +3p2) (1 +v)

where p =a/b is the aspect ratio.

Although Eq. (10) is an asymptotically correct expression up to
the order of 42, this form of the strain energy would be impractical
for use in engineering analysis. The expressioninvolves derivatives
of the one-dimensional generalized strain measures with respect to
x1, and applying appropriate boundary conditions would be very
difficult.!?

A Timoshenko-likebeam model is free from such drawbacks and
can be expressed symbolically as

(10

2U =" Xe+2"Fy +y"Gy (11)

where € =[y,, «, Kk, «3]7 represents the one-dimensional gener-
alized strains associated with extension, torsion, and bending; and
vy =[2y12 23317 is the column matrix of transverse shear strain
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measures. (It should be noted that € is defined in terms of the cross-
sectional rotation variables of the Timoshenko beam model.) Fol-
lowing the general formulation in Ref. 2, one can transform the
strain energy that is asymptotically correctup to the order of 42 into
a Timoshenko-likemodel. Superposing the strain energies, Egs. (9)
and (10), we can rewrite the strain energy in a matrix form as

2U = eTAe + ¢'"Ce’ (12)
where

EA000—|

0 GI 0 0
A= ‘ (13)
0 0 EL 0
0 0 0 EI3J
00 0 0—|
c_[00 0 0‘ o
1o 0 ¢, 0
00 0 C3J

C, and C; are the coefficients ofK,L;2 and K3’2, respectively,in Eq. (10).
Using the formulas given in Ref. 2, one can finally obtain the
Timoshenko model for the present problem as

mi ) ' TEA 0 0 0 ‘I i
K1 0 GJ 0 0 K1
2U = |
K> 0 0 EIL, O Ky
K3 0 0 0 EI3J K3
2y 178, 07 (2
+ { Vlz} |: 2 i|{ }/12} (15)
2y13 0 S 2y13
where

S - 3a*>(3a*> + b*)(1 + v)’GA (16)
27T 2[b* 02 + 5a4(1 + v)2 + 2a2b2(1 + v)?]

5 _ 3b2(a? + 3b>)(1 + v)*GA an
> T 2[a*v? + 5b4(1 + v)? + 2a%b2(1 + v)?]

The shear stiffnessesin Egs. (16) and (17) are identically the same as
those obtained from the elasticity solution for a clamped, terminally
loaded, elliptical prism.!® It is obvious that those shear correction
factors are the functions of the aspect ratio and Poisson’s ratio.
Poisson’s ratio will affect the shear correction factor significantly,
especially when the aspect ratio is small.

One can find the shear stiffnesses for other cross-sectionalshapes
using the same procedure. However, a closed-form solution for the
warping will not in general exist. One can still use the Ritz method
to solve the variational problem approximately using any symbolic
computing software. The procedure used in VABS is essentially
the same, except that we solve the variational problem using finite
elements; the convergence to the exact solution mainly depends on
the mesh refinement.

Locating Shear Center by VABS

The shear center for a beam is often defined as the point through
which a transverse force will only cause bending and transverse
shear deformation without twist.!* The locus of shear centers for
all cross sections along the beam axis is called the elastic axis of
the beam. It is known that the elastic axis is a natural reference line
for describing the elastic deformation of isotropic beams because
it leads to simpler resulting governing equations. For anisotropic
beams the simplication is less advantageous for reasons explained
in the following.

To locate the elastic axis, one has to find the shear center as
accurately as possible, especially for thin-walled beams with open
cross sections. There the torsional stiffness is much smaller than
the bending stiffness, and even a very small error in locating the
shear center can resultin undesirabletwisting, with respectto which

the design has to be made robust. For thin-walled beams it is not
difficult to locate the shear center for homogeneous beams made
from isotropic materials. But for thick-walled or composite beams,
it is not possible in general to find a closed-form solution for such
a point.

However, if one has obtained an accurate 6 x 6 stiffness matrix,
finding the shear center becomes trivial. Suppose one finds the fol-
lowing beam constitutive law:

Y Su S S S Sis Sis F
2y S S S Su S S F,
213 _ Si3 Sz S Sa S35 Sse F; (18)
K1 S Sy Su Su Sis Sus M,

K2 Sis S5 S35 Sus Sss Sse M,

K3 leé S S36 Sas  Sse S(:(:J M;

To obtain the shear center location, it is sufficient to assume that
there are two transverse forces at the tip of a cantilever beam F,
F;.Hence, M| = Fye, — Fres, My = —F3;(L —x), My = F,(L —x).
According to the definition of the shear center, we need to find e,
and e to locate a position where an application of the transverse
forces results in zero twist, that is, x; =0. This can be written in
terms of loading and stiffness as

[S24 — Sases + Sy(L — x)]ﬁz
+[S34 + Saer — Sys(L — x)1F5 =0 (19)

Because this equation is valid for any arbitrary ﬁz and l%, the loca-
tion of shear center can be easily obtained:

€ = —S3/Sas + (Sa5/Sa)(L — X) (20

€3 = 524/544 + (S46/S44)(L —Xx) (21)

This demonstrates that the position of the shear center varies
linearly with respect to the axial coordinate and is thus not a cross-
sectional property for beams with bending-twist coupling. Clearly,
the use of the locus of shear centers as the beam reference line is not
feasible in general. However, if there is no bending-twist coupling
then the shear center becomes a cross-sectional property; and the
use of the locus of the shear centers provides a reference line that
decouples bending and twist, hence making it a popular choice. For
beams with bending-twist coupling such as composite beams, one
can modify the definition of shear center by considering only the
twist caused by the shear forces and excluding the twist produced
by bending moment through the bending-twist coupling. In such
cases the second term in Eqs. (21) and (20) will drop out, and the
shear center, by this modified definition, becomes a cross-sectional
property. A similar conclusionis reached in Refs. 15 and 16.

As the first example, we investigate the shear center of a channel
section (Fig. 2). Using the thin-walled assumption, the elasticity
solution for the shear center turns out to be

e/b="1—La/by7+1/[3a/by+1] @2)

The calculated location of the shear center, normalized by the thin-
walled result, vs the aspect ratio b/t is shown in Fig. 3. It is clear
that when the aspect ratio is very large the shear center location
calculated from the 6 x 6 stiffness matrix of VABS convergesto the
result of thin-walled theory.

There is no known exact solution for the shear center of a solid,
homogeneous, isotropic, triangular cross section such as depicted
in Fig. 4. The shear center location calculated from VABS vs the
aspect ratio b/a is plotted in Fig. 5. When b/a is very small, the
triangular section acts as a thin, rectangular section, and the shear
center approachesthe midpoint. For an equilateral triangularsection
the shear centeris at the centroid. When b/a is very large, the shear
center moves toward the vertical edge.
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VABS vs Other Theories and Three-Dimensional FEA

An extensive comparison with other composite beam theories
was presented in Ref. 17. The validity of various beam-modeling
schemes and the relative importance of various assumptions on
which they are based were discussed therein. It was shown that
an asymptotically correct model, which alone represents the three-
dimensional model as closely as possible, can serve as a standard
to evaluate other models. Here only the popular uniaxial stress as-
sumptionis revisited. This assumption yields a much simpler model
as aresultof the elimination of the in-plane warping from the formu-
lation, and it would appear to be quite reasonable to believe that the
beam constants based on this assumption would differ only slightly
from their asymptotically correct counterparts. However, there are
some cases where the difference is not negligible at all. Indeed, it
can be verified that the hypothesis of vanishing stresses in the plane
of cross section only holds for isotropic beams.

To see the consequences of making this incorrect assumption,
consider a box beam as shown in Fig. 6, with s as the positive
fiber direction and n as the normal direction indicating the stacking
sequence. The geometry and material properties are as listed in
Table 1 with [ as the fiber direction, ¢ the transverse direction, and
n the direction normal to the ply plane. Figure 7 shows that the
torsional rigidity is severely underpredicted when this assumption
is invoked.

The analytical solution is based on the thin-walled solution start-
ing from shell theory. It yields the same result as VABS because
both of them are based on the variational asymptotic method. There
is no unique beam theory for a given order of asymptotical correct-
ness. The expansions of two asymptotically correct theories differ
in their higher-order terms, the ones that are not asymptotically
correct. However, one must be consistent with the order of small
parameters and extremely careful in the neglect of small quanti-
ties when carrying out this approach analytically. The upper curve,
which overpredicts the torsional rigidity, is also from a variational
asymptotic approach in which «,, was neglected by mistake.

Comparing only the values of beam stiffness matrix can be very
misleading if two models are derived from different methodolo-
gies. One such example is Table 9 in Ref. 9. A correct basis for
comparisonis to find how accurately two differentone-dimensional
models approximate the three-dimensionalstrain energy. There are

Table 1 Properties of thin-walled box beam

Property Value
Outer dimensions
Width a=0.953 in.
Height b=0.531in.
Thickness h=0.03
Right and upper wall 0)3/(—0)3
Left and lower wall (—6)3/(0)3

Material properties

E; =20.59 x 10° psi

E, =1.42x10° psi
Gy =8.7 x 10° psi
G =6.96 x 10° psi

Vit = Ve = 0.42
n
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Fig. 6 Sketch of the cross section of a box beam.
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Fig. 8 Comparison of NABSA, VABS, and three-dimensional FEA
results.

two ways to carry out this comparison. One is to extract the one-
dimensional information from three-dimensional results based on
the definition of one-dimensional variablesof the beam models. For
the very different stiffness matrices in Table 9 of Ref. 9, one nat-
ural way to assess the difference is to compare a one-dimensional
result (like a tip defection) using various stiffness models with a
three-dimensional solution (obtained from the authors of Ref. 18).
The plots are shown in Fig. 8. The dashed line shows results from
the NABSA! model, and the solid line shows the results from the
VABS model. These curves are very close. The VABS curveis closer
to the three-dimensional results when the beam is slender, and the
NABSA results do a bit better in the limit of the beam becoming
fat (that is, ceasing to be a beam). The symbols depict results from
running ABAQUS with degrees of freedom on the order of 10° for
the longer beams. Both models capture the essential behavior, and
there is very little difference between the results predicted by VABS
and those from three-dimensional FEA.

Another way to compare these predictionsis to recover the three-
dimensional stress or strain fields from the one-dimensional mod-
els and compare them with the stress or strain from the three-
dimensional FEA. Recall that, as a consequence of decoupling the
three-dimensional elasticity problem, the three-dimensional strain
field can be recovered by one-dimensional strain measures, cross-
sectional warping, and their derivatives as follows:

Fr=0/Mrw+Te+Trw+Tw' (23)

where I'=[I"1; 2I';p 2IN3 Ty 203 F33]T, w=[w; w w3]T,
e=[yn k1 ky k3 ]7. All of the operators in Eq. (23) can be found
in Ref. 2.

The warping is a function of the one-dimensional generalized
strain measures and the discretized cross-sectional warping already
obtained by VABS. The only remaining step is to solve the beam
problemin order to calculate the one-dimensionalgeneralizedstrain
measures for a given set of loads. A geometrically exact, nonlin-
ear one-dimensional theory is a natural and consistent outcome of
the dimensional reduction2* However, for the purposes of our val-
idation studies here, it is sufficient to use a linear version of the
one-dimensional theory taken directly from Ref. 20:

F' +kF+ f=0, M +EM+EF+m=0 (24)
where the operator~ is defined as ~;; = —e;;;1; k= Lky ky k;]7 with
ky the initial twist; k, the components of initial curvature along x,
expressed in the beam cross-sectional frame; e; =1 0 0]7; the
column matrices F(x;) and M (x,) contain the measure numbers
of cross-sectional force and moment stress resultants measured in
the beam cross-sectional frame; and the column matrices f (x;) and
m(x;) contain the applied distributed forces and moments along
the beam expressed in the beam cross-sectional frame. Subject
to any given boundary and loading conditions and given the one-
dimensional stiffness matrix calculated by VABS and the kinemat-
ical equations

y=u +ku+é0, k=0 +ko =0 (25)
where u(x;) is the column matrix of displacement measures ex-
pressed in the beam cross-sectional frame and 6 (x,) is the column
matrix of infinitesimal cross-sectionalrotations, one can find all of
the one-dimensionalvariables. Making use of the warping field just
obtained, from Eq. (23) one can the find the three-dimensionalstrain
field. Finally, the three-dimensionalstress field can be recovered by
using the general material constitutive law. VABS does not restrict
the three-dimensional material properties in any way, so that one
can use as many as 21 independent constants.

VABS can recover the three-dimensional stress-strain field for
many classical problems solvable by elasticity theory, such as the
Saint-Venant solution and flexure problem for elliptical and rectan-
gular prisms. We will now investigate some cases where the exact
elasticity solution cannot be obtained. Naturally, a comparison is
made with results from three-dimensional FEA.

For classicalmodeling we take a rectangularcantileverbeam with
0<x; <20, -0.5<x,<0.5, and —1 <x3 <1 (dimensions are in
inches), under a tip twisting moment of magnitude 1 lb-in. The
cross section is divided into four layers made with two different
isotropic materialsalong the x; direction. This sectionis discretized
with 192 eight-noded quadrilateralelements. The Young’s modulus
E for the top and bottom layers is 2.6 x 107 psi, and for the middle
two it is 2.6 x 10° psi; Poisson’s ratio is 0.3. The recovered three-
dimensional stress oy, is plotted in Fig. 9. From the plot one can
observe that there is a stress discontinuity along the boundary be-
tween the two different materials. To compare the results with three-
dimensional FEA using ABAQUS, we plot the three-dimensional
strainand stress along the height through the middle of the cross sec-
tionin Figs. 10 and 11. The solid lines are the results recovered from
VABS, and the symbols are from ABAQUS. Although the strain is
continuous, there are obvious jumps in the stress distribution at the
junction of the two materials, as expected. The VABS results are
right on top of those from the three-dimensional FEA.

Another example is the Timoshenko-likemodeling of an initially
curved (k3 =0.01 rad/in.), isotropic, rectangular, cantilever beam
with the same cross section (E = 2.6 x 107 psi, v =0.3) subjectto a
unit tip shear force in the x, direction. This time the cross section is
meshed with 200 eight-noded quadrilateralelements. The reference
line of thisbeam spans an arc of 10 deg. The three-dimensionalstress
component oy, at the midspan is plotted in Fig. 12. The agreement
with the ABAQUS result is also excellent, as one can observe from
Figs. 13 and 14. To achieve the same accuracy,the ABAQUS model
uses 15,872 C3D20R three-dimensionalbrick elements.
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Fig. 9 Three-dimensional stress o1, distribution under torsional
loading.
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Fig.12 Three-dimensionalstress o, distribution under shear loading.
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Additional Considerations for Refined Beam Theories

A classical theory that accounts for extension, torsion, and bend-
ing in two directions provides excellent results in many situations,
namely, when the beam is slender, is not thin-walled with open
section, and undergoes long-wavelengthdeformation (that is, static
behavior in response to loads that vary slowly over the length or
low-frequency modes of vibration). However, a refined theory is
required for high accuracy in other situations. VABS can calcu-
late stiffness and recovery relations for the following two refine-
ments: 1) the Timoshenko (transverse shear) refinement, needed for
short-wavelength deformation; and 2) the Vlasov refinement, typi-
cally needed for thin-walled, open-sectionbeams when the torsional
stiffness is very small compared to other stiffnesses. VABS is also
able to capture the nonlinear Trapeze effect caused by moderate
local rotations. The significance of the Timoshenko refinement can
be observed from Fig. 8. For example, using a classical model for
stubby beams with aspect ratio less than 5 will introduce errors of
the order of 32%. Even when the aspect ratio is equal to 10, there
is still an error around 8%, which might be not acceptable for some
applications. A Timoshenko-like model might also be required for
accurate recovery of stresses other than o7 .

Vlasov’s theory was developed for thin-walled beams with open
cross sections. It addresses the problem that the cross sections of
such beams cannot warp freely as assumed in the Saint-Venant so-
lutions. There is a strong restraining effect at the ends of the beam,
which will resultin an significant increase in the effective torsional
rigidity. A well-studied case?' is the composite I-beam as shown
in Fig. 15, where 6 =15 deg, a=1 in.,, b=0.5 in., h =0.04 in.,
and the length of the beam is 30 in. The material properties are the
same as those listedin Table 1, except G, = 8.9 x 10° psi. This con-
figuration exhibits strong bending-twist coupling, and the torsional
rigidity is nearly an order of magnitude less than the coupling. For a
unit-twisting moment applied at the tip, results for the tip twist angle
and bending slope obtained from the classical and Vlasov models
are plotted in Fig. 16. It is shown that classical theory overpredicts
the tip angles by a factor of two relative to the corrected result. Al-
though the Vlasov term does not yield much of a correction for the
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Fig. 15 I-beam configuration and layup.

0.6
] VABS
] — — Volovoietal 7
0.5 _ ~
1--—- Chandra et al //
044 - - - -. Badir et al s
i //
] — — — Classical /

Tip twist (deg.)
=)
(98]

0.2+
0.13
O
0 5 10 15 20 25 30
Beam axial coordinate (in.)
0.0055
E VABS
0.0045 1
{ — — Volovoietal Ve
_. 0.0047 //
g q — --- Chandraetal
£ 0.0035 Pid
o E .
_5 0.003_3 - - - - Badiretal //
] —_—— H 7
.En 0.0025 Classical L
e ]
2 0.002
K= ]
E"0.0015—;
0.001
0.0005
C:’"'l‘"'I""I""[""I""
0 5 10 15 20 25 30

Beam axial coordinate (in.)
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tip bending slope for this beam under a unit tip shear force (Fig. 17),
there is still a large correction for the tip twist under this loading.
There are also other analytical models with the Vlasov refinement
plotted in this figure, =2 all of which exhibit excellent agreement
with the VABS result.

There is still another subtlerefinement that has notattracted much
attentionin the literature. It is shown in Ref. 2 that the initial curva-
tures and twist will affect the stiffness model and introduce classical
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Fig. 17 Tip twist and bending slope under tip shear load.
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and nonclassical couplings. These effects will be more significant
for anisotropic beams, which are designed to use the couplings.
As pointed out in Ref. 8, analysts sometimes use the stiffness con-
stants from a prismatic beam sectional analysis in the geometrically
exact one-dimensional equilibrium and kinematical equations for
curved/twisted beams. From the asymptotic point of view, this prac-
tice will clearly introduce errors that are sometimes significant. To
demonstrate this, a simple isotropic rectangular cross section with
dimensions as 2 x 1 in. and Young’s modulus as £ =2.6 x 10° psi
and Poisson’s ratiov = 0.3 is studied. In Fig. 18 results are presented
for a beam thatis initially twisted and clamped at x; =0 and loaded
at the tip where x; = L =15 in. with F5 = 1000 Ib. The dashed line
is calculated by using prismatic stiffness model in the geometrically
exact one-dimensional governing equations, and the solid line is
calculated using the corrected stiffness model. As one can see, there
is a large difference (up to 40%) even for a moderate initial twist
(ky =0.2 rad/in.). This is not surprising because initial twist intro-
duces extension-twistand bending-shearcouplingsinto the stiffness
model and also modifies the diagonal terms.

Experience with VABS in a practical setting®* shows that realistic
helicopter rotor blades can be modeled in VABS with a high level
of detail (even to the point of actually modeling paint and adhesive
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layers) using 10,000-30,000 two-dimensional elements. By mod-
ern computer standards this is a problem of modest size and makes
detailed stress analysis practical and feasible. A comparablelevel of
detail in three-dimensional finite element analysis requires several
million elements and about three orders of magnitude more com-
puting time than analyzing the problem using VABS and a suitable
beam code.

The present validation is not claimed to be exhaustive. Indeed,
given adequate resources, one could carry out a systematic compar-
ison of the three-dimensional FEA and the one-dimensionalmodels
(in both of the ways just noted), while carefully maintaining simi-
lar mesh geometries and monitoring pointwise behavior of all field
variables.

Conclusions

It has been demonstrated herein that VABS can reproduce the
results of the theory of elasticity and correctly locate the shear cen-
ter for beams of arbitrary cross-sectional material and geometry.
VABS also can evaluate other theories and maintain an accuracy
comparable to that of three-dimensional finite element codes. All
of this is very important for preliminary as well as detailed design
calculations. VABS shares many features with standard finite ele-
ment codes. It requires the same kinds of input as found in other
finite element codes and takes advantage of standard finite element
procedures, including commercially available mesh generation and
postprocessing. Moreover, it relies on solution procedures found
in standard finite element codes. Although VABS is restricted to
beam applications, it provides a level of accuracy comparable to
that of standard three-dimensionalfinite element codes, but with far
smaller computing and preprocessing requirements. Moreover, the
cross-sectionalstiffness matrix, once computed, can be used to solve
many beam problems with varying boundary conditions, loading,
and motion.
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